Most of the real-world multi-criteria decision-making (MCDM) problems contain a mixture of quantitative and qualitative criteria; therefore quantitative MCDM methods are inadequate for handling this type of decision problems. In this paper, a MCDM method based on the Fuzzy Sets Theory and on the Analytic Hierarchy Process (AHP) is proposed. This method incorporates a number of perspectives on how to approach the fuzzy MCDM problem, as follows: (1) combining quantitative and qualitative criteria (2) expressing criteria pair-wise comparison in linguistic terms and performance of the alternative on each criterion in linguistic terms or exact values when criterion is qualitative or quantitative, respectively, (3) converting all the assessments into trapezoidal fuzzy numbers, (4) using the difference minimization method to calculate the local weight of criteria, employing the algebraic operations of fuzzy numbers based on the concept of α-cuts, (4) calculating the global weight of criteria and the global performance of each alternative using geometric mean and the weighted sum, respectively, (5) using the centroid method to rank the alternatives. Finally, an illustrative example on evaluation of several combined cooling, heat and power production systems is used to demonstrate the effectiveness of the proposed methodology.
Introduction
Increasing energy demand, increasing energy cost, energy supply security and environmental concerns are some of the energy-related problems in developed countries. Combined cooling, heating and power (CCHP) systems have been converted in an important option to solve these problems. 12 CCHP systems not only produce heat and electricity but also cooling power, getting a high electrical efficiency, a smooth operation of the plant along the whole year and an improvement of the environmental conditions avoiding the use of CFSs and HCFCs.
In the past, mostly because of economic reasons, CCHP systems were limited to largesized plants. 17, 20 In recent years, there has been an increasing diffusion of various smallscale technologies with a wide range of technical characteristics which, according to what type their prime mover is, are known as: natural gas and diesel internal combustion engines 23, 34 , stirling engines with water/litium bromide absorption chillers 4, 27 ; systems with combined vapour compression-absorption refrigeration 38 ; or fuel cells 30 . These CCHP systems have been successfully applied by small-users such as hospitals, supermarkets, airports, and hotels. 3, 6, 30, 35, 47 As a consequence of the increasing diffusion of various technologies, the evaluation of CCHP systems has become a crucial issue. The classical evaluation method for CCHP system is single criterion analysis. The thermal economic criteria or economic criteria are often used to evaluate CCHP systems. 18 However, when decision makers (DMs) judge based on the only criteria the feasibility of a CCHP system, the selection often is inadequate. Technical, economic, social and environmental aspects should be also taken into account by DMs. 28 The analysis of this problem evaluation suggests that a proper framework for selecting the adequate CCHP system is a multi-criteria decision analysis (MCDA). In simple words, MCDA deals with problem of ranking various alternatives from a finite set of alternatives in the presence of multiple, usually conflicting, criteria.
Some authors have developed specific evaluation method to select CCHP systems. 42 Pilavachi et al. 36 proposed the use of a multi-criteria method, based on the elementary sum methods, with an agglomeration function based on the statistical evaluation of weight factors to evaluate 16 kinds of CCHP systems. Technical, economic and social aspects of each system are evaluated in an integrated manner and the results are compared by means of the Sustainability Index. Based on criteria such as overall efficiency, investment cost, fuel cost, electricity cost, heat cost, CO 2 production and footprint criteria and depending on the user requirements, the best CCHP system options is established. Alanne et al. 2 utilized the Preference Assessment by Imprecise Ratio Statements method (PAIRS) to select the optimal CCHP system for a residential building according to financial and environmental performances. Zangeneh et al. 46 develop an assessment model based on Analytic Hierarchy Process (AHP) for prioritization of distributed generation technologies with respect the economic, technical and environmental attributes and the potential of regional primary energy resource. Wang et al. 41 presented an improved grey incidence evaluation method for evaluating and comparing five distributed triple-generation systems considering technical, economic, environmental and social aspects. The method adopts the combination of the improved AHP and the entropy information method together with the use of linear combination weighting. Based on the different priority to evaluation indexes, the optimal distributed triple-generation options are established.
A common characteristic of all these method is to assume complete information and a static deterministic environment. However, in real-world problems of selection of CCHP systems, many problem-solving tasks are too complex to be understood quantitatively. DMs recognize the presence of uncertainty in the estimates of decision parameters, due to unquantifiable information, incomplete information or non-obtainable information. 9 Therefore, the above mentioned decision methods are not suitable to deal with many realworld problems.
Taking in consideration this problem, only Wang et al. 42 proposed a hierarchy multiple criteria decision-making (MCDM) model based on Fuzzy Sets Theory to deal with the evaluation and comparison of CCHP systems. In this model, linguistic values are used to assess the ratings of alternatives and weights for evaluation criteria. These linguistic ratings are converted into trapezoidal or triangular fuzzy numbers. According to the concept of the TOPSIS, a closeness coefficient is defined to determine the ranking order of all CCHP systems by calculating the distances to the both fuzzy positive-ideal solution (FPIS) and fuzzy negative-ideal solution (FNIS) simultaneously.
This article presents a MCDM method for selecting the optimal CCHP system according to the end users' requirements appropriated to make decision based on a mixture of quantitative/objective and qualitative/subjective data related to rating of every technology with respect to the specified criteria and relative importance of each criterion to the fulfilment of the overall objective. The proposed method is based on the Fuzzy Sets Theory, that is an effectively tool to deal with subjective judgement, and on the Analytic Hierarchy Process (AHP) which is one of the most extensively used MCDM methods because it does not involve cumbersome mathematics and it is easier to be understood. 7 
Fuzzy AHP
The AHP method 37 is a robust and flexible MCDM tool for dealing with complex decision problems. This method divides a complicated system into a hierarchical system of elements, which usually includes objectives, evaluation criteria and alternatives. The evaluation criterion level may be composed of various evaluation criteria which can be also extended into a multi-layer structure. By weighting various evaluation criteria according to the objectives, as well as the alternatives from the viewpoint of each evaluation criterion, the final scores of the alternatives are determined.
The pair-wise comparisons are made of the elements of each hierarchy by means of a nominal scale. Then, comparisons are quantified to establish a comparison matrix, and the eigenvector of the matrix is derived, which signifies the comparative weight amongst various elements of a certain hierarchy. Finally, the eigenvalue is used to assess the strength of the consistency ratio of the comparative matrix and determine whether to accept the information.
The conventional AHP method is a quantitative technique, that is, it does not directly allow the DMs to handle decision problems when they may be uncertain about their level of preference due to incomplete information or knowledge, complexity and uncertainty inherent in the decision environment, or lack of an appropriate measure or scale. In these 
cases, it is easier to determine relative preferences by linguistics values such as "absolutely important, "very strongly important", "essentially important", "weakly important" or "equally important" rather than by specific values of an agreed assessments scale.
As linguistic values are not mathematically operable, a logical way to overcome this limitation is to transform linguistic comparison ratios into fuzzy numbers, that is, each linguistic term is associated with a fuzzy number, which represents the meaning of each generic verbal term.
According to Dubois 
For the sake of simplicity, trapezoidal or triangular fuzzy numbers are the most commonly used numbers 31 . A trapezoidal fuzzy number A is a fuzzy number denoted as A= (a, b, c, d ) which membership function is defined as: 
The fuzzy addition or the fuzzy subtraction of any two fuzzy trapezoidal fuzzy numbers is also trapezoidal fuzzy number. However the fuzzy multiplication or the fuzzy division is only approximate trapezoidal fuzzy number, therefore another formulation of fuzzy multiplication and fuzzy division operations based on the concept of α-cut 22 of a fuzzy number is proposed.
Since the α-cut of fuzzy number A is a closed interval of real numbers defined as
and any fuzzy number A can fully and uniquely be represented by the standard fuzzy union of its α-cuts as (2.7) it is possible define arithmetic operations on fuzzy numbers in terms of arithmetic operations on closed intervals.
Therefore, the multiplication and division operations of any two positive fuzzy numbers A and B, which α-cuts are denoted as
α r ] respectively, can be expressed as:
The first fuzzy extensions of the AHP method were worked out by Van Laarhoven and Pedrycz 40 , Buckley 5 , and Chang 8 , where relative preferences were described by means of fuzzy numbers with triangular membership functions A= (a, b, d) . In the process of pairwise comparisons of criteria importance, the DMs express their preferences giving a value of "about b", and uncertainty towards the precision of such a statement is expresses in the form of section length [a, d] . In consequence, the judgment matrix includes entries in the form of triangular fuzzy members. In order to find estimators of the fuzzy ratios Van Laarhoven and Pedrycz apply the logarithmic squares method and the fuzzy number arithmetic. Having minimized the logarithmic squares sum, the authors obtain so-called normal equations for the fuzzy case. The set of equations has usually one or more degrees of freedom. In consequence, there does not be a unique solution of the normal equation set. Buckley employs the geometric mean method to calculate the fuzzy weights for each fuzzy matrix, and these are combined in the usual manner to determine the final fuzzy weights for the alternatives. And Chang obtains the estimates for the vectors of weights under each criterion, by using the extent analysis method and by applying the principle of comparison for fuzzy numbers. In the fuzzy extension of the AHP method, the procedure of determining weights or calculating vectors of priorities on the basis of pair-wise comparison matrices is a complex computational problem. Among the methods used to solve this problem there are: entropy concepts 11 , Lambda-Max method 14 , eigenvector method 19 and fuzzy preference programming 33 . All the aforementioned works compute fuzzy priorities based on arithmetic operations for fuzzy triangular (or trapezoidal) numbers. To be able to use fuzzy arithmetic operations, specific assumptions on the forms of membership functions are required. To date, there are only a limited number of membership-function forms that are computationally manageable. Moreover, the accuracy of the final ranking is inevitably weakened by the series of approximations required during the computation procedure. But the most important criticism on these works has to be their failure to address the issue of consistency 10, 25 . There were no explicit articulation on what would constitute as an inconsistent comparison matrix within the fuzzy AHP context and, equally important, on how inconsistent information should be handled.
This paper presents a fuzzy AHP methodology which most significant difference with the above methods is the use of an algorithm to handle the inconsistencies in the fuzzy preference relation when pair-wise comparison judgements are necessary.
Proposed Multi-Criteria Decision-Making Model
A MCDM problem involves m alternatives evaluated on n criteria. Thus, the judgment matrix can be modeled as:
And the weight vectors are:
A 1 , A 2 , …, A m are the possible alternatives which are evaluated, C 1 , C 2 , …, C n are the criteria against performance of alternatives are measured,
is the performance of the alternative A i on criteria C j and W j is the related weight of C j .
A total utility value of each alternative must be obtained to ranking them. In general, the alternative with the highest utility should be selected as the best one.
In this paper, the MCDM problem will be resolved using the following steps:
(1) Identify decision criteria. Almost all of the decision-making problems are MCDM problems, the performance rating of each alternative depends on multiple, usually conflicting, criteria. DM, who will have a high degree of knowledge and previous experience in decision-making problems, has intuitive methods of identifying decision criteria according to the objectives of the problem. Anyway, there are some criteria identification tools as Checklist or Brainstorming. 1 In most cases, the number of criteria is large and then it is necessary to classify them. Following Keeney and Raiffa 21 or Saaty 36 the selected criteria can be structured in a hierarchical manner. More general criteria can be linked with more specific criteria to build the hierarchy. In the top of the hierarchy is an all-embracing objective, followed by the broad development goals, then the more specific objectives, and so on. As many levels of decomposition as be necessary can be incorporated into the hierarchical structure whenever the elements of a given level are mutually independent, but comparable to the elements of the same level and group. The analysis is complete when criteria are specific enough for assessing the alternatives. As a pair-wise comparison method is proposed to assess the relative weights of criteria then, from perspective of judgement consistency, the number of elements in a criteria group for pair-wise comparisons should not be more than seven. 38 (2) Determine the sets of linguistic scales and corresponding fuzzy numbers. Frequently, it may be extremely difficult to assess the relative importance of criteria pair-wise comparisons or the performance of one alternative on some criteria due to the great uncertainty involved. In these circumstances, DM prefers a linguistic assessment instead of an exact value. One of the key points in fuzzy modelling is to assign the membership functions corresponding to fuzzy numbers that represent vague concepts and imprecise terms expressed often in a natural language. The representation does not only depend on the concept but also on the context in which it is used. Even for similar contexts, fuzzy numbers representing the same concept may vary considerably. When operating with fuzzy numbers, the result of our calculations strongly depend on the shape of the membership functions of these numbers. Less regular membership functions lead to more complicated calculations. Moreover, fuzzy numbers with simpler shape of membership functions often have more intuitive and more natural interpretation. All these reasons cause a natural need of simple approximations of fuzzy numbers that are easy to handle and have a natural interpretation. For the sake of simplicity the trapezoidal or triangular fuzzy numbers are the most common in current applications. As noted in a research study 32 , the problems that arise with vague predicates are less concerned with precision and are more of a qualitative type; thus they are generally written as linearly as possible. Normally it is sufficient to use a trapezoidal representation, as it makes it possible to define them with no more than four parameters. Based on Chen's research study about a numerical approximation system focused on systematically convert linguistic terms to their corresponding fuzzy numbers
For example, the crisp number $300 can be represented by fuzzy number (300, 300, 300, 300). Table 1 (3) Pair-wise compare decision criteria. DM is required to provide their opinion of the relative importance for every criteria pair of the same level and group in the hierarchy structure. These linguistic measures are converted into fuzzy members using Table 1 .
The following comparison matrix for group g and level l in the hierarchy is obtained:
where n is the number of criteria of the group g and level l.
As we have mentioned, transitivity is the propriety that is usually accepted to deal with fuzzy preference relations consistency. It represents the idea that the preference value obtained by comparing directly two alternatives should be equal to or greater than the preference value between those two alternatives obtained using an indirect chain of alternatives. It is obvious that a minimum consistency is required, and we have chosen wake transitivity concept as the consistency "border" that expert opinions have to respect. In our problem, weak transitivity is satisfied if: referred to the weight relative to other criteria at the same group and level, which is to be assessed using the pair-wise comparison process. The global weight of a criterion is referred to the weight relative to all other criteria for the overall objective of the decision problem. Where i and j are criteria of group g and level l, and  and  represents fuzzy addition and subtraction defined in Eq. (2.2) and (2.3), respectively. The main implication of this method is that the sum of w i should be now a trapezoidal fuzzy number "around one" that must be defined correctly to get a solution. Due to the fuzziness of the opinions and the wake transitivity restriction considered, we could not find an accurate solution for this problem. The w i could be calculated by minimization of the distance between the υ ij obtained directly from the experts, and the value υ' ij :
where distance d is defined as: (3.14)
 Step 5. Using Eq. (2.6) and Eq. (2.7), the fuzzy weights w i. are built.
Estimate the global weights of criteria. Assume the criterion C i has t upper groups at different level in the criteria hierarchy and w(j) group is the group weight of the j th upper group which contain the criterion C i in the hierarchy. The final value of criterion C i , W i , can be derived by: (3.15) where i is each one of the criteria at the lowest level of the hierarchy.
(5) Define and normalize the judgment matrix. The evaluation criteria are their own characteristics and each data of criteria has its own dimension and distribution, it is difficult to directly compare or operate. As result, the original data evaluation criteria should be dimensionless and unit-free by normalization method.
As G ij is a benefit item:
As G ij is a cost item, then: The normalized judgment matrix is rewritten as where  and  represent fuzzy addition and fuzzy multiplication defined in Eq. (2.2) and (2.8), respectively. (7) Defuzzificate fuzzy utility values. Defuzzification of fuzzy numbers is an important procedure for rating alternatives. Defuzzification is the operation of producing a nonfuzzy number, a single value that adequately represents the membership function ω(A i ). There are several methods proposed for defuzzification process. In this methodology, the centroid method is used according to the requirements for reflecting the real situation.
( 3.22) where i is the number of alternatives. The output of the fuzzy decision-making procedure is a final rating of alternatives.
Numerical example.
Below, an illustrative example on evaluation of several CCHP systems is used to demonstrate that the fuzzy MCDM provides a good evaluation and appears to be more appropriate in the fuzzy environment of human subjective judgment. There are three subsections: (1) problem description, (2) application of fuzzy MCDM, and (3) discussions.
Problem description.
The proposed fuzzy AHP method is used to evaluate the available CCHP systems for a typical residential building. The residential building with a total area about 1000m 2 is characterized by the parameters shown in Table 2 .
According to the residents' requirements, in summer the CCHP system provides cool, hot water and electricity, and in winter the heat, hot water and electricity are provided, while in the transition seasons the residents only need electricity and hot water.
A group of four experts in CCHP systems, from the Technical University of Cartagena, is created to identify the CCHP alternatives and the evaluation criteria and construct the hierarchical structure of criteria. Later, they also evaluate the alternatives and compare the evaluation criteria by consensus.
After preliminary screening, the group of experts proposed five alternatives to be evaluated:
 Alternative 1: Stirling engine (gas fuel) with direct-fired lithium bromide (LiBr) absorption water heater/chiller unit.
Gas turbine combined with LiBr absortion water heater/chiller unit with supplemental gas combustion.  Alternative 3: Gas engine plus LiBr absorption water heater/chiller unit.  Alternative 4: Solid oxide fuel cell (SOFC), LiBr absorption water heater/chiller unit with supplemental gas combustion, and exchanger.  Alternative 5: Separate generation system. All electricity comes from the grid, the cooling and heating load is produced by the direct-fired LiBr absorption unit with the gas fuel and the hot water is generated by the gas boiler.
In any case, insufficient electricity, cooling or heating load is supplied by the grid directly. On the other hand, based on actual conditions and some relevant references 13, 36, 42 , the evaluation parameters identified by the group of experts were categorized into four main groups: technical criteria (C 1 ), economical criteria (C 2 ), environmental criteria (C 3 ) and social criteria (C 4 ).
To be efficiently assessed, the criteria were decomposed into sub-criteria that are described in Table 3 . The hierarchical structure of criteria generated is shown in Figure 1 . Table 3 . Definition of sub-criteria Criteria Description ▼ Primary energy consumption ratio (C 11 ) Ratio of consumpt. primary energy to the users' demand energy.
▲
Exergy efficiency (C 12 ) Ratio of the benefit exergy to the consumpt. exergy in the system.
Control property (C 13 ) The systems or equipments are easy to control.
The technology is developed well.

Regulation property (C 15 )
The system is easy to regulate to the load with the users. The technology is advanced now and will be improved in the future.
▲
Maintenance convenience (C 42 ) The system or equipments are maintained conveniently.
The system is safe to surrounding and people. 
Application of fuzzy MCDM method
Once alternatives and evaluation criteria have been identified, the processes of evaluating the priority of the CCHP systems can be expressed as follows:
(1) Pair-wise comparison of evaluation criteria. Linguistic rating set defined in Table 1 is employed to establish the relative importance for every criteria pair of the same level and group in the hierarchical structure defined. These linguistic measures are converted into fuzzy members by the defined membership function according to Table  1 . Table 4 summarizes the pair-wise comparison for the first level of hierarchy criteria. In Table 5 , the relative fuzzy importance degrees of the criteria of each one of the four groups in the second level of the hierarchy criteria are shown. Table 4 . Pair-wise comparison for the first hierarchy criteria Table 6 . The local weight is calculated by difference minimization method, using Eqs. (3.7) and (3.8) and the global weight of each criterion is calculated using Eq. (3.15). Table 6 . Local weight and global weight of criteria. (3) Definition of judgement matrix. Each criterion has its own dimension and distribution, in any cases an exact value is possible to define the performance of an alternative on a criterion and in other cases only a linguistic value is adequate. In this last case, the linguistic scale defined in Table 1 , and the corresponding fuzzy numbers, is used to assess the performance of the alternatives on each criterion. The judgement matrix is shown in Table 7 . Table 7 (Continued)
535,000 Table 8 . 
Discussions
Under the terms of the 1997 Kyoto Protocol, many governments have agreed to try the effort to reduce greenhouse gas emissions. Consequently, some new governmental regulations have been adopted to encourage the introduction of energy efficiency measures and/or the technical changes, such as the building efficiency standards, tax incentives, and new technologies. CCHP systems have been identified as an important option in attempt to achieve the climate change response objectives. Following these energy policies, many small-scale users such as residential buildings are constructing CCHP systems to produce electricity, hot water and cool or heat. Therefore a precondition to construct a CCHP system has been a feasibility evaluation of all the possible alternatives because of the various types of CCHP technologies that have been developed in the last few years.
In the proposed study case, according to the residents' requirements of electricity and cooling and heating load, five alternatives have been considered suitable for its application in the residential building: stirling engine, gas turbine, gas engine, SOFC and separate generation system. All these technologies present advantages on the other ones but also disadvantages: Stirling engines are characterized by low noise and emissions and high reliability and also by high cost and low efficiencies; gas turbines by good efficiencies, low emissions and low reliability; gas engine by low capital cost, high reliability good electrical efficiencies, low reliability and high noise and emissions; SOFCs by low noise and emissions, high efficiency and high cost.
Therefore, the selection of the optimal CCHP system is a MCDM problem. Based on actual conditions, technical, economical, environmental and social aspects must be considered in the evaluation of alternatives. In this problem, these generic aspects have been decomposed into 17 decision criteria defining a hierarchical structure.
The relative importance of criteria was measured through pair-wise comparison among them. The results show that technical and economic factors are the most important aspect in the evaluation of CCHP systems decision-making and that exergy efficiency and investment recovery period and net present value plays the most important role in these aspects, respectively. In addition, primary energy consumption ratio and CO and CO 2 emissions are the key determinants.
Calculated the utility value of each alternative, the ranking order of the five CCHP systems proposed is Alternative 3, Alternative 4, Alternative 1, Alternative 2, Alternative 5. The best scheme is the mode of gas engine plus LiBr absorption water heater/chiller unit. The worst is Alternative 5 Separate generation system model. The ranking indexes of Alternative 1 and Alternative 2 are close to 0.6; therefore, the two alternatives are almost equivalent. Although the stirling engine is not the best, its improvement will allows to reduce costs, and it is believed that this technology will serve a variety of CCHP applications in the future. On the other hand, the SOFC contributes greatly to environment protection and also in the near future the use of this technology will increase.
Conclusions.
This study develops a scientific framework for selecting the optimal CCHP system according to the user's requirements. The characteristics of the proposed decision making problem are: (a) a finite number of comparable alternatives (b) multiple criteria for evaluation alternatives (c) non-commensurable units for measuring the performance rating of the alternatives on some criterion. Therefore, classical MCDM methodologies are inadequate to apply in this type of MCDM problems. To handle with uncertainty of information and vagueness of judgements and large number of criteria, a MCDM methodology based on multi-criteria analytic hierarchy process and fuzzy sets theory has been proposed.
Compared with other available methods, the advantages of the proposed method can be summarised: (a) a hierarchical structure of criteria is generated to facilitate the process for assessing the weights of criteria, (b) the comparative judgement of criteria pair-wise are expressed in linguistic terms, (c) the performance value of each alternative on each criterion is defined in exact numerical values or in linguistic terms if the criterion is quantitative or qualitative, respectively, (d) the implemented algorithm, that operate with trapezoidal fuzzy numbers, does not require cumbersome computations.
However, the method is mainly limited by the quality of the information given by the experts and it depends on the consistency concept. It has been chosen the wake transitivity concept as the consistency "border" that opinions of each expert have to comply even considering that it is a "soft" criteria to accept the experts' opinions. Then, if the set of pairwise comparisons of one expert is near the border, it is difficult for the mathematical algorithm to find an acceptable solution, but at the same time, the expert's opinion is not conditioned by a very restrictive transitivity definition.
The proposed method provides a systematic framework for selecting CCHP systems in a fuzzy environment that can be easily extended to the analysis of other decision problems in energy area. Although it is a powerful tool of decision, some aspects could be improved such as: (1) the supplement and development of the evaluation criteria, (2) the development of a model to distinguish experts' competence so that different experts have different impacts on the final decision, (3) the selection of fuzzy numbers which represents the meaning of evaluation verbal term, particularizing it to the context of the decision problem.
In addition, another research study will be the application of Fuzzy Set Theory to other classical MCDM models such as ANP and compare results.
